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Subspace Vertex Pursuit: A Fast and Robust
Near-Separable Nonnegative Matrix Factorization

Method for Hyperspectral Unmixing
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Abstract—The separability assumption turns the nonnegative
matrix factorization (NMF) problem tractable, which coincides
with the pure pixel assumption and provides new insights for
the hyperspectral unmixing problem. Based on this assump-
tion, and starting from the data self-expressiveness perspective,
we formulate the unmixing problem as a joint sparse recovery
problem by using the data itself as a dictionary. Moreover, we
present a quasi-greedy algorithm for this problem by employing a
back-tracking strategy. In comparison with the previous greedy
methods, the proposed method can refresh the candidate pixels by
solving a small fixed-scale convex sub-problem in every iteration.
Therefore, our method has two important characteristics: (i)
enhanced robustness against noise; (ii) moderate computational
complexity and scalability to large dataset. Finally, computer
simulations on both synthetic and real hyperspectral datasets
demonstrate the effectiveness of the proposed method.

Index Terms—Linear mixture model, spectral unmixing, end-
member extraction, nonnegative matrix factorization (NMF), op-
timization, greedy pursuit.

I. INTRODUCTION

H YPERSPECTRAL imaging (HSI) has received consider-
able attention in the past few decades [1].With the wealth

of spectral information available, HSI has been successfully ap-
plied to various domains such as agriculture, mineralogy and
environment monitoring [2]. Very often, the resolution cell cor-
responding to a single pixel in an image contains several sub-
stances. In this situation, the scattered energy is a mixture of the
endmember spectra. Thus, the spectral unmixing (SU) problem,
which consists of identifying the pure materials (endmembers)
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and estimating their associated fractions (abundances), has be-
come a major issue in HSI and has been extensively investigated
recently [1]–[4].
The most widely used model in SU is the linear mixture

model (LMM) [2]. It assumes that the spectral signature of
each pixel is an additive linear combination of all the pure end-
members. The weights associated with the linear endmember
combination, termed as abundances, should be nonnegative and
sum-to-one. Let be a hyperspectral
image with spectral bands and pixels, where each column

is element-wise nonnegative and corresponds
to the spectral signature of a pixel. If no noise presents, then
we have the following matrix factorization

(1)

where is the pure endmember matrix,
is the associated abundance ma-

trix, and is the number of pure endmembers. Both and
are element-wise nonnegative. Given the data matrix , the SU
problem is to obtain a low rank matrix factorization of that
recovers both and simultaneously. This is known as the
nonnegativematrix factorization (NMF) problem [5], [6], which
is bilinear with respect to (w.r.t.) and , and is known to be
NP-hard [7].
Recently, a sequence of elegant papers [8]–[14] have showed

that the NMF problem is tractable under the separability as-
sumption, for which all the columns of reside in a convex
hull spanned by a small number of columns in itself, that is,

, where denotes the restriction for the columns of
to the index subset . Thus, the separable NMF reduces to

finding the vertices of a convex hull. This result coincides with
the study of the endmember extraction problem under the pure
pixel assumption [3].

A. Review of the Previous Work
Along with the development of the theory in the separable

NMF [8], [9], many heuristic algorithms have been developed in
practice [3], [10]–[20], [22]–[26], and some of them are demon-
strated to work both in theory and practice [12]–[14]. These al-
gorithms can be categorized as

a) Random Projection: These methods use the fact that
the pixels, which have extreme projections on some random
skewers (a normalized Gaussian vector), are located at the ver-
tices of a polytope with probability one. The most classical al-
gorithm in this category is the Pixel Purity Index (PPI) [15]. It
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repeatedly generates a number of skewers so that all the ver-
tices can be identified with high probability. Like the Coupon
Collector's problem, it usually requires trials to find
all the endmembers. However, the non-iterative PPI is rather
sensitive to the number of endmembers and the noise due to the
randomness of the skewers.

b) Greedy Pursuit: These algorithms are iterative and
each iteration mainly consists of two steps: (i) detection step,
which detects one extreme point of the current convex hull;
(ii) projection step, where the whole dataset is projected to
the orthogonal complement of the detected extreme points.
These two steps are repeated until all the extreme points are
depleted. Vertex component analysis (VCA) [16], successive
projection algorithm (SPA) and its variants [13], [17]–[19],
and the recently proposed extreme ray (XRAY) [20] method
are the typical algorithms within this category. The differences
among these algorithms are mainly in the detection step, where
VCA detects a vertex by an extreme projection onto a skewer,
SPA finds the one with the largest -norm (some of its gen-
eralizations use different -norms, see [18] and therein), and
XRAY detects the one having the largest correlation with some
residual vector. In the noiseless setting, VCA succeeds with
probability one, while SPA and its variants are guaranteed for
exact recovery [3].

c) Simplex VolumeMaximization: This type of approach is
based on the Winter's belief [21] that pure endmembers can be
located by finding a collection of pixels whose simplex volume
is the largest, which is, however, generally a NP-hard combi-
natorial problem. Alternatively, two greedy strategies, the al-
ternating volume maximization (AVMAX) and the successive
volume maximization (SVMAX) methods are introduced [22].
AVMAX employs a block coordinate ascent strategy, which
maintains a set of candidate pixels and sequentially maximize
the volume by updating one column at a time while keeping
the rest fixed. The procedure is repeated for several cycles until
convergence. On the other hand, SVMAX employs a strategy
that is similar to SPA, it successively finds endmembers that
maximize the volume of the current simplex. However, these
greedy methods are only guaranteed to find local optimal so-
lutions and require data preprocessing step such as dimension
reduction (i.e., PCA).

d) Convex Optimization: More recently, a sequence of
work [10]–[12], [14] treated the problem from the data self-ex-
pressiveness perspective and formulate it as a convex program-
ming problem. Bittorf et al. [12] and Gillis [14] relaxed the
task as a linear programming problem, and it was shown in
[14] that the linear optimization approach works better than
the previous greedy methods. Elhamifar et al. [10] and Esser
et al. [11] formulated the problem as a row sparse recovery
problem by using the data itself as the dictionary. They relaxed
the problem as a convex -minimization problem
and solved it some first-order solvers such as the alternating di-
rection method of multipliers (ADMM) [27]. In the noiseless
setting, when there are no duplicated points (i.e., samples too
similar to the pure endmember pixels), their methods are guar-
anteed to find the global optimal solution. Moreover, our empir-
ical results suggest it is more robust to noise than those greedy
methods. However, the major concern of this approach is that

it has ( is the size of the dataset) variables to op-
timize, which is computationally prohibitive as the volume of
data increases.

B. Contributions of the Paper
In this paper, we investigate more practical and robust ap-

proaches to solve the separable NMF problem for SU. The con-
tributions are mainly twofold.
First, starting from the data self-expressiveness perspective,

ourminor contribution is that we have introduced a modified si-
multaneous orthogonal matching pursuit (SOMP) method [29],
[30] for the joint sparse recovery problem. Compared with the
original SOMP method, our modified version, named SOMP+,
solves a nonnegative least squares (NNLS) problem in the pro-
jection step instead of using the least squares (LS). The benefit
of such a modification is that we do not require the endmember
matrix to be full column rank [31], which is, however, a cru-
cial assumption for most of the previous greedy methods to suc-
ceed [3], [13]. Moreover, it can better handle the case when the
data are highly correlated. We provide more intuitive explana-
tions for this behavior in a heuristic manner, though it has been
rigorously analyzed in [31]. Because the data degeneracy, high
spectral and spatial correlations are ubiquitous in hyperspectral
images, such a property is very favorable for conquering this
major challenge for hyperspectral imagery data analysis.
Second, based on the proposed SOMP algorithm, ourmajor

contribution is that we further propose a novel quasi-greedy
method, named subspace vertex pursuit (SVP). It employs a
back-tracking strategy similar to the subspace pursuit (SP) [32],
[33]. We are the first to introduce the idea of backtracking to
the hyperspectral unmixing problem, where previous greedy
methods are mostly iterative and cannot refine the previously
found wrong endmembers. In every iteration, the SVP method
first combines newly detected candidate pixels in the cur-
rent convex hull with the old candidates from the previous
step, forming a new candidate set; second, SVP refreshes
the candidate set by solving a constrained -minimization
sub-problem, picking only pixels out. Unlike previous greedy
methods, SVP is able to freely remove unreliable candidate
pixels considered as reliable in the previous steps.
The merits of the SVP method are twofold:
1) In comparison with the previous greedy methods, SVP is

demonstrated to be much more robust to noise, due to our
clever endmember refreshment step.

2) Compared with the -minimization method [10], [11],
our SVP method shows comparable superior performance,
but with a reduced computational complexity by a factor
of .

In summary, our SVP algorithm balances well for both the noise
robustness performance and computational scalability, and can
better handle the high correlation issue in the hyperspectral data,
which makes it very practical for solving the SU problems under
the pure pixel assumption.

C. Organization of the Paper and Notations
The rest of the paper is organized as follows. In Section II,

we present the basic assumptions, formulations, and key obser-
vations for the SU problem. Section III introduces the sparse

Authorized licensed use limited to: New York University. Downloaded on August 26,2020 at 06:05:42 UTC from IEEE Xplore.  Restrictions apply. 



1144 IEEE JOURNAL OF SELECTED TOPICS IN SIGNAL PROCESSING, VOL. 9, NO. 6, SEPTEMBER 2015

optimization and greedy pursuit techniques for solving the SU
problem. Section IV presents the proposed SVP method. In
Section V, we discuss some practical issues with the proposed
SVP method. In Section VI, extensive experiments on both
synthetic and real datasets demonstrate the effectiveness and
efficiency of our proposed methods. Finally, the conclusion is
drawn in Section VII.
Prior to the ensuing presentation, let us define the following

notations for the ease of later use.

the sets of nonnegative real numbers
-th standard basis vector
the vector with all components unitary

identity matrix
component-wise inequalities
the -th column and the -th row
element at the -th row and -th column
the variable in the -th iteration
-norm

matrix norm and Frobenius norm

II. PROBLEM STATEMENT

A. Problem Formulation and Basic Assumptions
1) Linear Mixture Model Assumption: Most of the methods

for the SU problem are based on the simple but representative
LMM, where each pixel is assumed to be a nonnegative linear
combination of the pure endmembers. Given the matrix

constructed from the hyperspectral data
cube, the endmember matrix and
the number of endmembers , each pixel is
assumed to satisfy

(2)

where is a white Gaussian noise vector with every
entry independent and identically distributed (i.i.d.) and
is the abundance value for the endmember of the th pixel.
To be physically meaningful, the abundance has to satisfy
the abundance sum-to-one constraint (ASC) and the abundance
nonnegative constraint (ANC) as follows

(3)

Based on (2), notice that LMM could be written in matrix form
as

(4)

with and
.

2) The Constrained NMF Problem for SU: Based on the
LMM assumption, the aim of the SU problem is to find a non-
negative rank factorization of the matrix so that we can
recover the matrices and simulta-
neously, where and are the minimizers of the following
problem

(5)

This is a NMF problemwith the sum-to-one constraint, which
is highly ill-posed and NP-hard [7]. In general, the problem is
nonconvex and could have many spurious local minima. More-
over, due to the symmetry, it has many equally good solutions

, up to some column permutation
and scaling (i.e., is a positive diagonal

matrix).
3) The Separability Assumption for the NMF Problem:

Recently, Arora et al. [9] have provided a sufficient condition
which guarantees the NMF problem to be well-posed in a sense
that the solution is unique up to some column permutations,
and can be solved within polynomial time. Their condition
could be stated as follows:
Definition 1 (Simplicial Vectors): A set of vectors

are called simplicial if no vector lies
within the convex hull of the others .
Definition 2 (Separable NMF): We call the factorization

a separable NMF if the columns of are simplicial
and there exists a column permutation matrix , such that

(6)

where is a rank identity matrix, is a column permutation
matrix and satisfies . Further-
more, the factorization is called near-separable, if

where is an additive noise matrix.

B. Key Observation for the Separable NMF
Quite recently, Elhamifar, Esser, and Bittorf et al. [10]–[12]

looked into the problem from data self-expressiveness perspec-
tive and formulated it as a row sparse recovery problem. Their
key observations are based on the following theorem.
Theorem 1 (Row Sparsity Property [12]): If ad-

mits a separable NMF, then

(7)

where is a column permutation matrix and .
Furthermore, if is near-separable with to be
an i.i.d. white Gaussian matrix, we have

(8)

where is still zero-mean Gaussian.
Since the column permutation matrix does not change the

number of nonzero rows in , if , Theorem 1 implies that
the matrix is row sparse. Therefore, given the data matrix
under the separability assumption, we expect to exactly recover
the row sparse matrix by solving

(9)
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where denotes the number of non-zero rows. Then
the endmembers can be identified based on the structure of
according to Theorem 1.

III. A UNIFIED VIEW OF APPROACHES FOR THE
SEPARABLE NMF PROBLEM

A. Convex Optimization Viewpoint
Instead of solving the combinatorial problem (9) directly, El-

hamifar et al. [10] and Esser et al. [11] relax the problem as a
convex optimization problem of the form

(10)

where is a convex surrogate
of . For the concern of noise robustness, they further
suggest to solve the following penalized problem

(11)

where is a penalty parameter. This problem can be solved
by a first-order solver such as the ADMM algorithm [27], [28]
(see Appendix). Once the matrix is recovered, the pure pixels
can be detected based on the index of the non-zero rows in
. Empirically, this method shows superior robustness against

noise, especially for . In the rest of the paper, we only refer
to the -minimization variant of their methods (i.e., ).
However, the drawbacks of the -minimization method are
twofold:

a) Duplicate Points: The method requires the assumption
that only one pure pixel exists for each endmember. If multiple
duplicate points for one pure endmember exist, then the solu-
tion of the convex relaxed problem (10) is not unique and the
convex relaxation may fail to recover the solution of the orig-
inal problem (9). However, this problem could be alleviated by
preprocessing such as clustering that merges similar pixels.

b) Computational Complexity: The more critical problem
is that their method requires to solve an optimization problem
with variables, which is computationally prohibitive,
especially for large-scale problems.

B. Greedy Viewpoint
Most of the state-of-the-art SU methods employ greedy

strategies. Since operations involved in each iteration are
computationally cheap, these methods are well-suited for
large-scale problems. Therefore, alternatively, it is natural to
consider the variants of simultaneous orthogonal matching
pursuit (SOMP) method [29], [30] for solving the joint sparse
recovery problem (10). Before introducing the method in detail,
we provide the following useful definitions
Definition 3 (Projection and Residual): Let and

, then the projection operator , which
projects onto the convex cone spanned by the columns of

, and the associated residual are defined
to be

(12)

Algorithm 1 SOMP Algorithm for Spectral Unmixing

Input: The data , the number of pure endmembers ;
Output: The estimated endmember and abundance ;

1: Initialize:
2:
3: Calculate the correlation matrix

;
4: Detection Step: Find ;

5: Update the index set: ;
6: Projection Step: Calculate

;
7: Update the residual

;
8: end for
9: The endmember dictionary ;
10: Recover the abundance matrix

(13)

11:

Based on these definitions, the proposed approach is intro-
duced in Algorithm 1. In every iteration, the algorithm proceeds
by alternating between the following two steps:
1) Detection Step: The algorithm finds a candidate pixel

having the largest correlation with all columns of the cur-
rent residual matrix (i.e., ,
where , and adds it to the index set
as a pure endmember. Notice that the XRAY (max) method
[20] is a special case of our method when .

2) Projection Step: The projection step is different from the
original SOMP, where we solve a NNLS sub-problem in-
stead of LS. The reason for this modification will be dis-
cussed later in this section.

After the pure endmembers are extracted, the abundance matrix
can be recovered by solving a fully constraint least squares

(FCLS) problem [34] given in (13).
Next, we provide the intuitions for solving the NNLS sub-

problem in the projection step instead of the classical LS sub-
problem. Before that, we introduce a useful definition for better
explanation.
Definition 4 (Endmember Coherence): For a given end-

member matrix with every column as a pure
endmember, the endmember coherence can be defined as

(14)

Based on this definition, when the coherence is large, as the
data samples are highly correlated, it is challenging to extract
all the endmembers, and vice versa. Therefore, the endmember
coherence provides a notion of the “difficulty level” of the SU
problem. Next, we use this definition to explain the differences
between solving the LS and NNLS sub-problems in three cases:
• Case 1: As illustrated in Fig. 1(a), the coherence is
sufficiently small so that the given endmembers
are linearly independent and the spectral angles be-
tween each endmember are large. In this case, we have

, so that it makes no difference between
solving LS and NNLS sub-problems in this scenario.
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Fig. 1. Differences between NNLS and LS projections for three different cases. and denote the projection vectors for the NNLS and LS, and
and denote the residual vectors for the NNLS and LS, respectively. (a) Case 1, (b) Case 2, (c) Case 3.

Fig. 2. Comparison of the recovery probability for the SOMP with different
projection methods and XRAY. (a) Recovery Probability, (b) Mean Square
Error.

• Case 2: As illustrated in Fig. 1(b), the coherence
is large so that the angle between and is small. In
this case, NNLS projects to the convex cone spanned
by while LS projects to the corresponding sub-
space, the two projections of are geometrically different.
Especially, by the triangle inequality, it is obvious that

. Intuitively, given the same noise
level, the projection with a larger amplitude is less
likely to be immersed by the noise.

• Case 3: As illustrated in Fig. 1(c), the coherence
is sufficiently large so that is linearly dependent on

. Suppose is the target endmember, and is pro-
jected to the previously detected . For the LS, since
resides in the subspace of , the residual for

the subspace projection is trivial with ; however,
for the NNLS, the cone projection is generally
nontrivial. Therefore, in this degenerate case, the modified
SOMP succeeds even when the original SOMP fails.

The major challenge for most of the hyperspectral imagery
problems is the high spectral and spatial correlation [1]. There-
fore, for the SU problem, it is more interesting and meaningful
to deal with the more challenging scenarios such as Case 2
and 3. This further suggests that it is preferable to solve the
NNLS rather than the LS sub-problem in the projection step
for greedy methods. Empirically, such a modification leads to
significant performance gains for hyperspectral endmember ex-
traction (See Fig. 2). In the literature, there are efficient ways
to solve the NNLS problem [35]. One cheap approximation is
projecting the LS solution back
onto the nonnegative orthant by

(15)

and we let denote the modified SOMP by ap-
proximating the solution of the NNLS sub-problem using (15).

TABLE I
DETECTION AND PROJECTION STRATEGIES FOR DIFFERENT METHODS

In [20], Kumar et al. solve the NNLS sub-problem with higher
precision by a block coordinate descent (BCD) method, and
we let to be the modified SOMP by solving the
NNLS using the BCD method. In Fig. 2, we compare four algo-
rithms (i.e., SOMP, and XRAY)
showing the effects of different norm selections and projection
methods on a synthetic hyperspectral data, the detailed explana-
tion of the experimental setting is postponed to Section VI.B and
the choices for the norms and projection methods for the four al-
gorithms are listed in Table I. From Fig. 2, we conclude that
• BycomparingXRAYand ,wecansee that the
choice of ismore robust to noise than . This is
because the selection of is based on only one candi-
date pixel that produces the maximum inner product with a
residual, while for we choose an endmember based
on the inner product of the residual vector with all the data.

• Comparing theperformancesofSOMP, and
, we observe that by solving the NNLS sub-

problemwe obtain better performance compared to solving
the LS sub-problem.Moreover, the more accurate we solve
the NNLS sub-problem, the better the performance.

IV. SUBSPACE VERTEX PURSUIT
From the previous section, our observation shows that greedy

algorithms sequentially detect one pure candidate pixel at a
time. However, due to the system noise and perturbations,
the selected candidate pixels, found to be the optimal choice
previously, may not be optimal in the current iteration, and they
can never be corrected. It further indicates that, in the noisy
setting, they could be stuck in some local optimal solutions.
To alleviate this problem, we further introduce the idea of
back-tracking, originated from the SP algorithm [32], [33] for
sparse recovery, to the vertex finding problem, and we name
the newly proposed algorithm subspace vertex pursuit (SVP).

A. Algorithm Description
In each iteration, the SVP method maintains a set of

columns of and performs a simple test for the data matrix
. If the columns of do not lie in the current estimate for the

correct spanning convex cone, SVP adds more candidates to
the current candidate set, and then refines the estimate by only
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Fig. 3. One Iteration of the proposed SVP method: a list of candidates, which
is allowed to be updated during each iteration, is maintained.

retaining the most reliable ones. The expectation is that the
recursive refinements of the estimate will lead to a convex cone
with a decreasing distance from the data . To summarize,
each iteration of SVP consists of 3 steps: (i) detection step (ii)
refinement step (iii) projection step. A schematic diagram of
the SVP method is depicted in Fig. 3, and the overall algorithm
is summarized in Algorithm 2. It should be noticed that Step 6
ensures that the residual is always non-increasing so that the
algorithm converges. In the following paragraphs, we provide
detailed explanations for each step.
1) Detection Step: The aim of the detection step is to detect
candidate vertices simultaneously. This could be achieved by

random projections, like PPI, where different pixels are picked
by extreme projections using a large amount of random skewers.
However, as discussed in Section I, this method is not robust
to noise due to the randomness. Alternatively, we consider the
correlation matrix , and pick indices
corresponding to the largest values of

. This procedure is guaranteed to pick at least one vertex in
each step and is robust to noise.
2) Refinement Step: In the refinement step, given the merged

candidate set of points, our aim is to find most reliable
candidates out of the point set , as the vertex candidates,
which is critical for the proposed method to work. The intuition
here is that the pure endmembers are the smallest number of
points to form a convex representation for all the data points.
Therefore, we consider solving the following -regularized
sub-problem

(16)

to promote the row sparsity of . This problem
can be efficiently solved by the ADMM algorithm [27] (see
Appendix B for detailed explanations). We pick indices in

corresponding to the largest -norm of the rows in to
form the new index set . To further reduce the scale of the
sub-problem, one may even consider the following sub-problem

(17)

where . In comparison with the -minimization
problem (11) with variables to optimize, the number
of variables for the sub-problem (16) is around the order of

, and is further reduced to for the sub-problem
(17). Given that , the scales of our sub-problems (16)

Fig. 4. A comparison of two different refinement strategies for the proposed
SVP method. SVP solves the sub-problem defined in (16), and solves
the sub-problem defined in (17). (a) Recovery Probability, (b) Mean Square
Error.

and (17) are much reduced. In particular, the number of vari-
ables in (17) is independent of the sample number , which
is more favorable. In Fig. 4, we show a comparison of the two
proposed refinement strategies for the SVP algorithm on a syn-
thetic hyperspectral dataset (a detailed explanation for the ex-
perimental setting is postponed to Section VI.B), where SVP
solves a sub-problem defined in (16) and solves a
sub-problem defined in (17). From the results, we can see that
• The twomethods show similar performances against noise,
although SVP behaves slightly better than .

• The computation time of is much smaller com-
pared to SVP, given the dataset and the number
of endmember . If becomes larger, the differ-
ence of computation time between and SVP will
be significantly amplified.

B. Comparison With SP
Though the proposed method is inspired from the SP method

[32] for sparse recovery, our algorithm is different from theirs
especially in the refinement step, where SP solves a LS sub-
problem as follows

(19)

Based on the solution in (19), the indices in which pro-
duce largest values of are selected as reliable
candidates.
However, for the separable NMF problem, such a strategy

cannot guarantee that the picked candidates are the true ver-
tices. To provide a counter-example, consider a special case in

as shown in Fig. 5, where a convex hull is generated
by , and are on the edges of . For the
illustration purpose, we consider a special index set con-
taining the indices of the points . For the
points within the convex hull of (dotted as circles
in Fig. 5), they can either be represented by points
or or a mixed combinations of ,
and the situations are the same for the “disk”, “cross” and “box”
points. We can neither guarantee the uniqueness of the LS solu-
tion for (19), nor that the picked pixels are the true vertices.
Therefore, the candidate vectors picked by this procedure are
unreliable.
Instead of solving the LS sub-problem, we propose to solve

the -regularized sub-problem (16) alternatively. The reason
is quite intuitive, consider the counter-example in the previous
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Algorithm 2 Subspace Vertex Pursuit for Spectral
Unmixing

Input: The data , the number of pure endmembers ;
Output: The estimated endmember and abundance ;

1: Initialize: , the residual
, where

2: while not converged do
3: Detection Step: Compute

and update

4: Refinement Step: Solve (16) or (17) to get

5: Projection Step: Calculate
;

6: Update the residual
;

7: If , stop;
8: ,
9: end while
10: Let and calculate the abundance matrix

(18)

11: return .

Fig. 5. A convex hull generated by in , and are
on the edges of . The “circle” points are inside the convex hull of ,
the “disk” points are inside the convex hull of , the “cross” points
are inside the convex hull of , the “box” points are inside the convex
hull of .

paragraph: for all the points in the convex hull of ,
the smallest number of points to represent all the data are

, where the solution is unique and what we desired.
Hence, it is more favorable to solve the sub-problem (16)
or (17) instead.

V. PRACTICAL ISSUES FOR SVP
In this section, we discuss some practical issues of the pro-

posed SVP method. Some of these discussions may also apply
to other existing unmixing methods as summarized in [1], [3],
[10], [11].

A. Handling Duplicate Points
The proposed SVP method solves an -minimization sub-

problem, so it cannot well handle the case when there are mul-
tiple duplicate points at vertices. However, such a problem can
be prevented by preprocessing the data. One simple heuristic is
to merge data points with very small spectral angles by some
preset threshold to prune the set of representatives, preventing
from having too-close data points.

B. Choice for the Parameter
Similar to the classical -minimization problem, the param-

eter balances the weights of the -penalty and data fidelity
terms for the sub-problems (16) and (17) in the proposed SVP
method. When the noise is small, we are then more confident
in our model, it is preferred to set small in order to put more
weights on the data fidelity term, and vice versa. Empirically,
we find that the proposed method is robust to the choice of .
In general settings, we usually set . However, when
the noise level is high, we increase to be around the order of

or even 1.
On the other hand, note that the parameter is also sensitive

to the scaling of the data matrix. For instance, if we scale each
entry of the data matrix by a constant , the parameter
should also be scaled by correspondingly. To address this
issue, we normalize the data by to get
rid of the data scaling dependence for the parameter .

C. Handling Illumination Changes
In practice, due to illumination and spectral variability [1],

instead of exactly lying in a convex hull , the data resides
in a convex cone defined by

(20)

However, we can normalize the data to lie on a hyperplane
by a projective projection

(21)

As illustrated in Fig. 6, the projected data lies in the new convex
hull , which is the intersection
of the hyperplane and the convex cone .

D. Comparison of Computational Complexity
In this subsection, the computational complexities of the pro-

posed SVP method and some existing benchmark methods are
briefly discussed, and the results are summarized in Table II. We
keep the notations to be data dimension, number of end-
members and number of data points, respectively.
• From [13], we know that the computational complexities
for SPA, VCA and PPI are and

, respectively.
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Fig. 6. An illustration of the projective projection to normalize the data in the
convex cone (the circle points) to the convex hull (the disk points).

TABLE II
COMPARISON OF THE COMPUTATIONAL COMPLEXITY

• As discussed in [22], the computational complexities for
SVMAX and AVMAX are both around .

• The computational complexity for XRAY is mainly due
to the NNLS problem solved by BCD method. Its total
computational complexity is about ,
where is the iteration number for the BCD method.

• For SOMP, the computation is around .
• For SVP, based on Algorithm 2, the computational com-
plexities for computing the correlation in the detection
step, solving the minimization problem in the refine-
ment step, and calculating the residual in the projection
step are roughly and , respec-
tively, where is the number of iterations that depends
on the error tolerance . Therefore, the total computa-
tional complexity is around . So when

is large, it scales like , which implies that
the detection step bottlenecks the overall computational
complexity.

• For , similarly to SVP, the complexity is on the
order of .

• For the -minimization method, the computation
for solving the ADMM algorithm is on the order of

, where is the number of iterations
that depends on the error tolerance .

From Table II, we observe
• The computational complexities of the proposed SOMP
and methods are approximately higher
than the greedy methods. The increase is mainly due to the
computation of the self-correlation in the detection step.

Nonetheless, as discussed in Section IV.A, such a proce-
dure brings the merit of significant noise robustness.

• In comparison with the -minimization method, the
computational complexity of our algorithms is reduced by
a factor of .

In summary, in comparison with previous methods, our
combines two important characteristics: (i) em-

pirically enhanced robustness against noise; (ii) moderate
computational complexity for most practical purposes.

VI. EXPERIMENTAL RESULTS
In this section, we evaluate the performance of the proposed

method SVP on both synthetic and real datasets. First, we pro-
vide some explanations of experimental settings and standard
comparison criteria. Second, we evaluate the proposed method
on a synthetic dataset. Finally, the proposed method is demon-
strated on real hyperspectral datasets.

A. Experimental Settings and Comparison Criteria
1) Simulation Environment: All the experiments are exe-

cuted on a desktop computer with a 3.4 GHz Intel quad-core
i7 processor and 8 GB 1600 MHz RAM. The simulations are
performed by using MATLAB 2013a, where all the codes1,2
are reimplemented in efficient manners for the purpose of fair
comparisons. We compare the proposed methods with VCA
[16], SPA [13], AVMAX [22], SVMAX [22], XRAY (max)
[20], and the -minimization method [10]3. For all the greedy
methods SOMP+, VCA, SPA, AVMAX, SVMAX and XRAY
(max), there are no parameters to tune. For the -minimiza-
tionmethod, the penalty parameter is set to be and the
max iteration is set to be 500. For the proposed SVP, the penalty
parameter for the sub-problems is set to be and
the max iteration is set to be 20.
2) Comparison Criteria:
a) Recovery Probability: We define the probability of suc-

cessful recovery to be

(22)

where is the number of endmembers, is the index set of
the recovered endmembers, and is the cardinality of the set.
For repeated simulations, the recovery probability is simply

, where is the recovery probability for the
th simulation.

b) Mean Square Error (MSE): Let be the
ground truth endmembers, and let be the pre-
dicted endmembers. We define the MSE as

(23)

where ,
and
is the set of all the permutations of . The problem

1http://bit.ly/1g03XKE
2http://mx.nthu.edu.tw/~tsunghan/download/AVMAX_SVMAX_WAVMA-

X_codes.zip
3We do not compare the proposed method with PPI [15] and Hottopixx [12],

because the performances of both algorithms are not comparable to the formerly
listed methods as shown in [13], [14].

Authorized licensed use limited to: New York University. Downloaded on August 26,2020 at 06:05:42 UTC from IEEE Xplore.  Restrictions apply. 



1150 IEEE JOURNAL OF SELECTED TOPICS IN SIGNAL PROCESSING, VOL. 9, NO. 6, SEPTEMBER 2015

Fig. 7. Comparison of the computational time and the noise robustness for the
state-of-the-art methods (i.e., VCA, SPA, AVMAX, SVMAX, XRAY and the

-minimization method) with the proposed methods on a synthetic dataset.
(a) Recovery Probability, (b) Mean Square Error.

in (23) with permutations of can be efficiently solved by
the Hungarian algorithm [36]. For repeated simulations, the
average , where is the MSE for the th
simulation.

B. Experiment Results on Synthetic Data
1) Experiment I (Robustness to Noise): We compare the

computational time and noise robustness for the proposed SVP
method with state-of-the-art algorithms on a selected USGS
library4 [37]. For each simulation, endmembers are
randomly selected from the USGS dataset to form the feature
matrix , where the feature dimension . The
weighting matrix is generated by ,
where is an identity matrix so that there exists one pure
endmember for each selected material. Every column of

is generated by the Dirichlet distribution with
random parameters drawn from the uniform distribution

is a random permutation matrix so that the order of mixing
weights does not affect the performance. The data matrix
is generated by , where each entry of is
i.i.d. white Gaussian with . We vary the
signal-to-noise ratio (SNR) from 0 dB to 30 dB, where SNR
is defined to be . For
different levels of the Gaussian noise, the simulations are
repeated for times. We perform three experiments
based on the synthetic data as follows.
1) We compare the proposed

methods with the original SOMP andXRAY (max) to show
the performance differences of the detection and projection
steps. The corresponding results and the associated discus-
sions are shown in Fig. 2 and Section III.B, respectively.

2) We compare the proposed SVP and methods to
show the computation and noise robustness performance
differences between solving the sub-problem (16) and (17).
The performance is shown in Fig. 4, and the discussions on
the experimental results are provided in Section IV.A.

3) The proposed is compared with state-of-the-art
methods on a synthetic dataset, where the results are shown
in Fig. 7. We can see that shows comparable su-
perior performance as the -minimization method [10].
Moreover, even on a medium scale dataset ,
the proposed is around times faster than the

-minimization method.

4http://www.lx.it.pt/bioucas/code/sunsal_demo.zip

Fig. 8. Comparison of the robustness to the number of endmembers for the
state-of-the-art methods (i.e., VCA, SPA, AVMAX, SVMAX, XRAY and

-minimization method) with the proposed methods on a synthetic dataset.
(a) Recovery Probability, (b) Mean Square Error.

2) Experiment II (Robustness to the Number of Endmem-
bers): In this experiment, we compare the robustness of all the
methods w.r.t. the number of endmembers. The experimental
setting is the same as that of Experiment I, except that we fix
SNR dB, and vary the number of end-
members from 10 to 40. The results are shown in Fig. 8, from
which we can see that the proposed SVP method along with
the -minimization method shows superior robustness to the
change of , while the performances of all the other greedy
methods significantly decrease when increases. In the mean-
while, we also observe that the choice of is almost independent
to the number of endmembers.

C. Experiment Results on Real Data

In this subsection, we present some numerical results for
hyperspectral endmember extraction on two real hyperspectral
datasets. We compare the proposed method with VCA, SPA,
AVMAX, SVMAX, XRAY, and the -minimization method.
1) Urban Dataset: The Urban hyperspectral data is publicly

available5. Each pixel in the Urban dataset is composed of 210
spectral channels with spectral resolution 10 nm and spectrum
ranging from 400 nm to 2500 nm. After removing the water
absorption bands (Band 1–4, 76, 87, 101–111, 136–153, and
198–210), clean bands remain. Thus, the Urban data
cube has dimension 307 307 162 with the number of data
points , which is a rather simple and well under-
stood dataset: it is mainly composed of six types of materials
(asphalt, roof, metal, grass, tree and dirt) as reported in [38].
Fig. 9(a) shows the false-color image of the Urban hyperspec-
tral data; Fig. 9(b) shows the endmember signatures of six dif-
ferent materials labelled in Fig. 9(a), where the signatures are
obtained by averaging ten manually selected pure endmembers
in the corresponding marked area in Fig. 9(a).
First, we remove the duplicate pixels by preprocessing the

data. We merge similar data points whose spectral angles
are smaller than a certain threshold, i.e.,

, reducing the size of the dataset from
to . Based on the prepro-

cessed data, we compare our methods with state-of-the-art al-
gorithms methods mentioned above, the results are shown in
Fig. 10. From Fig. 10(h), we can see the proposed SVP method

5Available at http://www.agc.army.mil/
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TABLE III
COMPARISON OF THE RMSES ON THE URBAN IMAGE

Fig. 9. (a) shows the false-color image of the Urban data of Band 50, 100 and
150; (b) displays the pure endmember signatures which are obtained by aver-
aging 10 manually selected pure endmembers in the corresponding marked area
in (a).

Fig. 10. For the Urban dataset, (a) shows the signatures are obtained by av-
eraging ten manually selected pure endmembers in the corresponding marked
area in Fig. 9(a); (b)-(i) are the pure endmembers extracted by SPA [13], VCA
[16], XRAY [20], AVMAX [22], SVMAX [22],
and the -minimization [10] method, respectively. (a) Manually Labelled,
(b) SPA, Time 0.019771, (c) VCA, Time 0.144663, (d) XRAY, Time
0.095890, (e) AVMAX, Time 0.073597, (f) SVMAX, Time 0.015299,
(g) , Time 0.101365, (h) , Time 0.254073,
(i) , Time 73.095418.

can extract distinct endmembers from the data and they are vi-
sually more similar to the manually labelled endmembers than
the other methods (see Fig. 10(a)).
Because there is no ground truth available for the pure end-

members in the Urban image, next we introduce a criterion for
comparing these algorithms on the real data. Once the pure
endmember dictionary is recovered, we compute the cor-
responding abundance maps by solving the FCLS problem as
follows

(24)

Fig. 11. The abundance map for six materials: (a) asphalt, (b) roof, (c) metal,
(d) grass, (e) tree and (f) dirt, obtained by the FCLS based on the manually
labelled pure endmembers in Fig. 10(a).

and then calculate the root mean square error (RMSE)

(25)

Note that geometrically FCLS provides the projection of the
data onto the convex hull spanned by the endmembers. If
denotes the FCLS solution of each method, then the RMSE pro-
vides some insight on how much data is contained in the convex
hull and therefore, how well the endmembers describe the data.
The results of the RMSE for all the algorithms are shown in
Table III. From the results, we can see that our SVP method
and the -minimization method both produce significantly
lower RMSEs than the other methods. While the RMSE of the

-minimization method is 22% lower than , but our
method is nearly 300 times faster than the -minimization
method on this particular dataset, as shown in Fig. 10(h) and
(i).
Finally, the abundance maps for the manually la-

belled endmembers, and the endmembers extracted by the
and -minimization methods are

shown in Figs. 11, 12, 13 and 14, respectively. If we assume
that the abundance maps in Fig. 11 are the “ground truth”, we
conclude the following:
• For the method, the prediction for the
metal, grass and trees are not accurate, observed from
Fig. 12(b), (d) and (e).

• For the method, the estimation for the metal ma-
terial is not so accurate, as observed from Fig. 13(c);

• For the -minimization method, the materials extracted
for the metal and trees are not correct, observed from
Fig. 14(c) and (e), respectively.

For the methods with three smallest RMSEs, i.e., SOMP+,
SVP and the -minimization methods, we can see that: (i)
none of the methods detect the metal material properly, this phe-
nomenon needs further investigations, one reason might be that
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Fig. 12. The abundance map for six materials: (a) asphalt, (b) roof, (c) metal,
(d) grass, (e) tree and (f) dirt, obtained by the FCLS based on the pure endmem-
bers extracted by in Fig. 10(g).

Fig. 13. The abundance map for six materials: (a) asphalt, (b) roof, (c) metal,
(d) grass, (e) tree and (f) dirt, obtained by the FCLS based on the pure endmem-
bers extracted by in Fig. 10(h).

Fig. 14. The abundance map for six materials: (a) asphalt, (b) roof, (c) metal,
(d) grass, (e) tree and (f) dirt, obtained by the FCLS based on the pure endmem-
bers extracted by the -minimization method in Fig. 10(i).

there is no pure metal pixel since metal is a kind of a rare mate-
rial, another is that the pixels of metal are too noisy to be prop-
erly detected; (ii) our proposed method produces the
abundance maps visually closer to the “ground truth” compared
to the other methods.
2) Cuprite Dataset: We also test the proposed algorithm

on a low-resolution AVIRIS hyperspectral data obtained over

Fig. 15. False-color image of the AVIRIS Cuprite data set in the file
“f970619t01p02_r02_sc04.a.rfl”. The bands used as RGB channels are bands
(12, 22, 42) of the original 224-band image.

Fig. 16. For the Cuprite image, (a)–(h) are the pure endmembers ex-
tracted by SPA [13], VCA [16], XRAY [20], AVMAX [22], SVMAX [22],

and -minimization [10] methods, respectively.

the Cuprite mining region in Nevada, USA (refer to [40] for
a detailed description), which is available online in reflectance
units6. The portion used in this experiment is the image of the
sector labelled as “f970619t01p02_r02_sc04.a.rfl” of size 512
614 in the original dataset (see Fig. 15). The scene comprises

224 spectral bands between 0.4 and 2.5 m, with a nominal
spectral resolution of 10 nm. Prior to the analysis, bands 1–2,
105–115, 150–170 and 223–224 are removed due to water ab-
sorption and low SNR in those bands, leaving a total of 188
spectral bands available.
We first preprocess the data by merging similar data points

whose spectral angles are smaller
than a threshold, i.e., , reducing the size
of the dataset from to .
Based on the preprocessed data, we compare our methods with
state-of-the-art algorithms mentioned above, the extracted pure
endmembers for each algorithm are shown in Fig. 16, and the

6http://aviris.jpl.nasa.gov/html/aviris.freedata.html
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TABLE IV
COMPARISON OF THE RMSES ON THE CUPRITE IMAGE

corresponding RMSEs are shown in Table IV. For the partic-
ular Cuprite image, from Table IV, we can see that the proposed

method shows the smallest RMSE, but however the
-minimization method shows the worst performance in this

case. This might because the pixels in the Cuprite image are
too similar, and the -minimization method gets trapped with
those spectrally similar points near to the true endmembers, see
Fig. 16(h).

VII. CONCLUSION
In this paper, we investigated the spectral unmixing problem

based on the recent development of separable NMF. In par-
ticular, starting from the data self-expressiveness perspective,
we formulate the problem as a joint sparse recovery problem
and provide a unified overview of the convex optimization and
greedy approaches for solving the problem. More importantly,
based on these methods, we introduced a fast and robust al-
gorithm, the subspace vertex pursuit method, to solve the un-
mixing problem. The proposed method shows not only supe-
rior noise robustness performance but also significant reduction
of the computational complexity. Finally, simulation results on
both synthetic and real datasets demonstrate the effectiveness of
the proposed method.

APPENDIX

In this Appendix, we introduce a first-order ADMM solver
[27] for the following -regularized convex optimization
problem

(26)

where and . The basic idea
of the ADMMmethod is to introduce appropriate auxiliary vari-
ables into the optimization program, breaking the program into
sub-problems with closed form solutions. The algorithm tries
to find a saddle point of the augmented Lagrangian function,
which iteratively minimizes the function w.r.t. the primal vari-
ables and maximizes it w.r.t. the dual.
To start, we introduce an auxiliary variable and

consider an equivalent optimization problem of (26) as follows

(27)

Then, we form the augmented Lagrangian function corre-
sponding to the two equality constraints

Algorithm 3 The ADMM method for the joint sparse
optimization problem

Input: and ;
Output: the optimal solution ;

1: Set and initialize and ;
2: while not converge do
3: Update by solving the linear system (28).
4: Update by

5: Update the dual variables

6: , update ;
7: end while
8: return

where and are Lagrangian multipliers, and
is a penalty parameter for the augmented terms. For each

iteration , the ADMM algorithm consists of an iterative
procedure as follows:

a) Minimize w.r.t. : The next iterate
is obtained by solving the following linear system

(28)

b) Minimize w.r.t. : We solve the fol-
lowing sub-problem

One cheap estimate of the solution is

(29)

where is the soft-thresh-
olding operator.

c) Dual Ascent for and :

(30)

These three steps are repeated until convergence. Finally, Al-
gorithm 3 summarizes the whole procedure.
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